Abstract -This paper proposes a robust guaranteed cost control method for a linear system with norm bounded time varying parametric uncertainties and external disturbance. Using the Lyapunov stability theory and linear matrix inequality method, a robust guaranteed cost control law is derived to guarantee that the closed loop system is not only stable, but also has adequately quadratic and H performance levels for all the admissible uncertainties and external disturbance. A convex optimization problem is formulated to obtain the optimal state feedback controller which can minimize the quadratic and H performance levels. Based on the model of the robot prototype for inspecting power transmission lines, simulation results verify the effectiveness of the proposed method.
I. INTRODUCTION
Control engineers often face the problem of optimizing control system performance. For linear systems, optimal control theory has been well developed, and the standard Linear Quadratic (LQ) optimal control can provide satisfactory performance. However, in practical systems, there often exist external disturbance and uncertainties caused by ambient environment, limited plant knowledge, and so on. The conventional LQ control cannot guarantee either system performance or stability, due to system uncertainties or external disturbance. As a result, it is desirable to design a controller to make the closed loop system stable and guarantee an adequate performance level. One method to solve this problem is the so-called Guaranteed Cost Control (GCC) approach [1, 2] .
The GCC for uncertain systems is aiming to design a controller to stabilize the closed loop system and meanwhile guarantee a specified performance level for uncertainties. Based on this idea, many significant results have been developed [2] [3] [4] [5] [6] [7] [8] [9] [10] . In [2] , an optimal controller for uncertain linear systems has been designed to assure the optimality of the performance level for all admissible uncertainties. In [3, 4] , the GCC method for uncertain systems is extended for time delay linear systems with uncertainties. In [5] , an adaptive GCC method for a class of nonlinear systems with uncertainties has been developed, which guarantees the system cost to be bounded by some specified level while adaptively compensating for the effects of uncertainties and nonlinearities. A guaranteed cost controller for uncertain nonlinear systems using the minimax approach is proposed in [6] . In [7] , based on Riccatic equations, the GCC method has been developed for designing quadratic guaranteed cost controllers. In [8] , an optimal GCC approach has been proposed based on a Linear Matrix Inequality (LMI) approach for a class of linear system with norm bounded time varying parametric uncertainties and input constraints. The associated optimal guaranteed cost is formulated as a convex optimization problem with LMI constraints. The optimal GCC approaches for uncertain discrete time systems are developed in [9, 10] , and a convex optimization method is given to obtain the minimized bound of a quadratic performance index.
Unfortunately, none of them above considers system uncertainties and external disturbance at same time. Due to external disturbance, it is necessary that the controlled system not only guarantees an adequate performance level, but also has strong disturbance rejection ability. As well known, the H approach is effective in handling external disturbance. In this paper, a Robust Guaranteed Cost Control (RGCC) method is proposed for the linear system with norm bounded time varying parametric uncertainties and external disturbance. Using the Lyapunov stability theory and LMI method, a RGCC law is derived to guarantee that the closed loop system is not only stable, but also has an adequate quadratic and H performance levels for all the admissible uncertainties and external disturbance. A convex optimization problem is given to obtain the optimal state feedback controller which can optimize quadratic and H performance levels. The proposed method is applied to motion control of a robot prototype for inspecting power transmission lines. Simulation results have verified the effectiveness of the proposed method.
The remaining of this paper is organized as follows. The problem of the paper is formulated in Section II. The main result of the paper is presented in Section III, where a sufficient condition of a RGCC is derived for the linear system with norm bounded time varying parametric uncertainties and external disturbance. Section IV presents and discusses simulation results on motion control of a robot prototype of inspecting power transmission lines. 
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where I is the identity matrix of appropriate dimensions, 1 D , 2 D , 1 E , and 2 E are known constant real matrices of appropriate dimensions, and 1 ( ) F t and 2 ( ) F t are unknown real time varying matrices. The uncertainties A and B are said to be admissible if (3) are satisfied [8] .
Remark 1:
The terms A and B can represent the time varying parametric uncertainties for the real system. These uncertainties may be resulted in by unknown internal or external disturbance, nonlinearities such as friction, poor plant knowledge, reduced-order models, and so on. The uncertainties have been widely used in many practical systems. The matrices 1 ( ) F t and 2 ( ) F t contain uncertain parameters, and constant matrices i D and i E ( 1, 2 i ) denote how the uncertain parameters 1 ( ) F t and 2 ( ) F t affect the system (1) and (2) [11, 12] .
Without loss of generality, associated with the system (1) and (2), consider the following state-feedback control law ( ) ( ) u t Kx t (4) where K denotes the control gain. And then the closed loop system equations are obtained as
For the closed loop system (5) and (6), the quadratic performance level is defined as
J x t Qx t u t Ru t dt
where Q and R are the given positive definite symmetric weighting matrices. The H performance index is also defined as y w (8) where 0 is the given H performance level [13] . Now, the definition of the Robust Guaranteed Cost Control (RGCC) is given as.
Definition 1: For the system (1) and (2), positive constants J and are said to be a robust guaranteed cost for the system (1) and (2) for all the admissible uncertainties (3) and external disturbance, if these exist the state feedback control law (4), such that 1) The closed loop system (5) and (6) is stable; 2) The quadratic performance level (7) satisfies J J , for all the admissible uncertainties (3); if possible, the performance level J can be optimized;
3) The H performance index (8) is satisfied under the zero initial conditions. Moreover, the state feedback controller (4) is said to be a RGCC if the system (1) and (2) has a robust guaranteed cost. The problem considered in this paper is to find a control law (4), such that the system (1) and (2) has a RGCC for all the admissible uncertainties (3) and external disturbance.
III. MAIN RESULTS
Before solving the RGCC problem, two necessary lemmas are introduced as follows.
Lemma 1 [11] : (Schur Complement). Given constant matrices 1 
Lemma 2 [14] : For any real matrices 1 and 2 with appropriate dimensions, and F satisfying 
holds, where
the control law (4) is the RGCC for the system (1) and (2) for all the admissible uncertainties (3). Moreover, the quadratic performance level is expressed as 
T T T T T T T T T T T T T T T T y y w w V t y y x P A BK x x PD F E x x PD F E Kx x Pw x Qx x K RKx x Qx u Ru w w
x Q xu R u w w P I (17) So a sufficient condition for 0 J is that the right hand side of (17) be less than zero, and then (11) 
V x t Qx t u t Ru t (19)
Further, integrating (19) from 0 to leads to
Px x Px x t Qx t u t Ru t (20)
Here, the stability of the close-loop system implies that ( ) ( ) 0 
J x t Qx t u t Ru t dt x Px
This completes the proof. Next, based on Theorem 1, another sufficient condition of the RGCC without uncertain parameters is given as follows. (4) is the RGCC for the system (1) and (2) for all the admissible uncertainties (3). Moreover, the quadratic performance level is expressed as , then
Substituting (23) and (24) into (17), the following LMI 
can be obtained, where If Theorem 2 is feasible, the solution for the LMI (22) is not unique in general; that is, the solution comprises a set of solutions, each of which leads to a different performance level. Thus, the interest is to find an optimal performance levels for all the admissible uncertainties and external disturbance. This leads to minimize can be obtained to optimize the quadratic and H performance levels, where 2 . Since the problem (28) is a convex optimization problem with LMI constraints, therefore, the global minimum of the problem can be obtained if feasible, and it can be easily solved by using the LMI Toolbox of MATLAB [15] .
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Remark 2: When the initial condition is a random variable with zero mean and unity covariance (i.e.,
denotes the expectation operator), the relation
trace Y can be obtained [11, 13] . Hence the optimization problem (28) can be transformed into [5, 13] 
V. SIMULATION RESULTS
For verifying its effectiveness, the proposed method is applied to motion control of the robot prototype for inspecting power transmission lines, as shown in Fig. 1 . The inspection robot prototype consists of front and rear wheels, front and rear arms, and body. When the inspection robot is modeled, the slip movement between the front or rear wheel and the transmission line, and the relative movement between the front and rear wheels, are ignored. The mass centers of the front or rear arm and of the robot body are assumed to be on their geometrical centers, respectively. The world coordinate system O XYZ is established, as shown in Fig. 2 . Parameters r and represent the radius and rotary angle of the rear wheel, respectively. The parameter d is the distance between the centers of the two wheels. The parameter 1 d is the length of the front or rear arm. The inclination angle of the power transmission line is represented by a, which can be measured by the inclination sensor mounted on the surface of the body. Points 1 P and 2 P represent the rotary centers of rear and front wheels with the mass w m , respectively. Points 3 P and 4 P are the mass centers of rear and front arms with the mass a m , respectively. Points 5 P or 6 P represent the connection points between the front or rear arm and the body, respectively. The point 7 P is the mass center of the body with the mass c m . According to the Lagrange method, the dynamic equation for the inspection robot prototype is obtained as
where g is gravity acceleration and is the actuator torque on the rear wheel. From the mechanical system, it is obtained that the measured inclination angle exists measurement error, and Fig. 3 . At this time, the quadratic performance level is * 0.036 J J , which confirms the effectiveness of the proposed RGCC method. 
V. CONCLUSION
In this paper, the optimal RGCC method has been presented for the linear system with norm bounded time varying parametric uncertainties and external disturbance. The designed RGCC law can guarantee that the closed loop system is not only stable, but also has the optimal quadratic and H performance levels for all the admissible uncertainties and external disturbance. Based on the model of the robot prototype for inspecting power transmission lines, the simulation results have confirmed the effectiveness of the proposed method.
